Introduction
Throughout this paper, K will be a number field,K an algebraic closure of K, G K := Gal(K/K) the absolute Galois group of K, X a complete non-singular variety over K, and i a non-negative integer. Setting W ℓ := H i (X, Q ℓ ), we obtain a (Serre) compatible system of Galois representations G K → GL(W ℓ ). More generally, we consider any subsystem of {W ℓ }, i.e., any compatible system of Galois representations ρ ℓ : G K → GL(V ℓ ), where each V ℓ is a G K -stable subspace of W ℓ . Let Γ ℓ := ρ ℓ (G K ) denote the ℓ-adic image, which is a compact ℓ-adic Lie group. Let G ℓ denote the Zariski closure of Γ ℓ in GL n .
Serre proved [Se2, Se3] that if E is an elliptic curve without complex multiplication and V ℓ is taken to be the whole first ℓ-adic cohomology group, then G ℓ = GL 2 for all ℓ. He conjectured and later proved [Se4, Se5] that Γ ℓ = GL 2 (Z ℓ ) for all ℓ sufficiently large. The first result is a special case of the Mumford-Tate conjecture. There has also been a substantial effort to generalize the second result, to two dimensional Galois representions (see, e.g., [Ri1, Ri2] ), to higher dimensional abelian varieties (see, e.g., [Se6] ), to higher dimensional compatible systems of Galois representations (see, e.g., [Ha] ), and even to Drinfeld modules (see, e.g. [PR, DP] ). In the general setting of this paper, the optimistic conjecture, that Γ ℓ is a maximal compact subgroup of G ℓ (Q ℓ ) for all ℓ sufficiently large, is clearly too optimistic. For instance, if X = CP 2 , i = 4, then Γ ℓ consists only of the perfect squares in Z × ℓ ⊂ GL 1 (Q ℓ ). In order to state a plausible general conjecture, we introduce some additional notation. For any algebraic group G, we denote by G
• the identity component of G, by R(G) the radical of G, by G ß the (connected) semisimple quotient G
• /R(G • ), and by G sc the universal cover of G ß . If Γ is a compact, Zariski-dense subgroup of G(Q ℓ ), then
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is Zariski-dense in G • , and
is Zariski-dense in G ß . By a theorem of Chevalley [Pi] , Γ ß is an open subgroup of G ß (Q ℓ ). It is only the semisimple part of Γ ℓ , namely Γ ß ℓ , that we are interested in, since, as we have seen, we cannot expect maximality for the toral part of a Galois representation, and conjecturally, G ℓ should always be reductive. A more delicate point is that we cannot always expect Γ ß ℓ to be a maximal compact subgroup of G ß (Q ℓ ), since ρ ℓ may factor through a central isogenyG ℓ → G ℓ . It can easily happen that the image of a maximal compact ofG(Q ℓ ) fails to be maximal in
A solution to this difficulty is to define G sc to be the universal covering group of G ß and Γ sc to be the inverse image of Γ sc under
There is no purely group-theoretic reason to expect Γ sc ℓ to be any less than a maximal compact subgroup of G sc ℓ (Q ℓ ). The second-named author proved [La1] that for a density 1 set of primes ℓ, Γ sc ℓ is not only a maximal compact subgroup but a hyperspecial maximal compact. Conjecturally, the same thing should be true for all ℓ sufficiently large. In this paper, we prove it under a group theoretic hypothesis on G ℓ .
We say that an algebraic group G over an algebraically closed field F is of type A if every simple factor of G sc is a product of groups of the form SL m i . An algebraic group G over a general field F is of type A if the group obtained from G by extending scalars toF is so.
Our main theorem is the following:
The key idea in the proof of Theorem 1 is to compare the "rank" of Γ ℓ (or its (mod ℓ) reduction) to that of its Zariski-closure. To some extent, this parallels the strategy of [La2] . A key difference is that in [La2] , one compares two different notions of dimension rather than rank.
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The Main Theorem
There are several different definitions in the literature of the rank of an algebraic group G. For us, the rank of G, denoted rk G, will always mean the absolute rank of the semisimple group G ß . What is special about groups of Type A for our purposes is the following.
Lemma 2. If G is a connected, semisimple group of type A and H is any proper closed subgroup of G, then rk H < rk G.
Proof. Replacing G by its universal covering group G sc and H by H × G G sc does not change ranks, so we may assume G is simply connected. Extending scalars, we may assume that G = i SL m i for some sequence of integers m i ≥ 2.
We use induction on the number of factors. We first treat the base case, G = SL m . Without loss of generality, we may assume that H is connected. If the unipotent radical U of H is non-trivial, then by a classical theorem of Borel and Tits [BT] , there exists a proper parabolic subgroup P of SL m such that H is contained in P and U is contained in the unipotent radical N of P . Thus H/U is a connected reductive group contained in the Levi factor M ∼ = P/N. The semisimple rank of H is the same as that of H/U, which is the same as the rank of the derived group of H/U, which is isomorphic to a subgroup of the derived group of M. Since the derived group of M is a semisimple group of rank less than rk G, any subgroup of M also has rank less than rk G.
Next, we consider the case that H is connected and reductive. The derived group of H is therefore a semisimple subgroup of SL m whose rank equals rk H. However, it is well-known that SL m has no proper equal-rank semisimple subgroup (because the extended Dynkin diagram of SL m has a transitive automorphism group). Therefore, again rk H < rk G.
For the induction step, let H 1 denote the image of H under the projection to SL m 1 and H 1 denote the intersection of H with the product of factors other than SL m 1 . Thus, H 1 ∼ = H/H 1 , and rk H = rk H 1 +rk H 1 . The induction hypothesis implies that this sum equals rk G if and only if H 1 = SL m 1 and H 1 equals the product of all the remaining factors, in which case H = G.
Let ℓ ≥ 5 be prime, σ the Frobenius automorphism ofF ℓ /F ℓ . We define the total ℓ-rank function, rk ℓ , on groups of Lie type in characteristic ℓ by setting rk ℓ G(F ℓ ) der := rk G for every adjoint σ-simple group G/F ℓ (i.e. σ permutes the simple components of G overF ℓ in a single orbit). For example, PSL n (F ℓ k ) and PSU n (F ℓ k ) both have rank k(n − 1). For simple groups which are not of Lie type in characteristic ℓ, we define the total ℓ-rank to be zero. In particular, the total ℓ-rank of Z/pZ is zero, even if p = ℓ. We extend this definition to arbitrary finite groups by defining the total ℓ-rank of any finite group to be the sum of the ranks of its composition factors. This definition makes it clear that rk ℓ is additive on short exact sequences of groups. In particular, the total ℓ-rank of every solvable finite group is zero. We can further extend this definition to certain infinite profinite groups, including compact subgroups of GL n (Q ℓ ), as follows. If Γ is a finitely generated, virtually prosolvable, profinite group, then rk ℓ Γ := rk ℓ Γ/∆ for any normal, prosolvable, open subgroup ∆ of Γ. For a finitely generated profinite group, open normal subgroups are cofinal among all open subgroups, and if ∆ 1 ⊂ ∆ 2 are normal, prosolvable, and open, then rk ℓ Γ/∆ 1 = rk ℓ Γ/∆ 2 , so this is well-defined. As the total ℓ-rank of every pro-ℓ group is zero,
whereΓ ℓ denotes the image in GL n (F ℓ ) the reduction (mod ℓ) of Γ ℓ with respect to any lattice in Q n ℓ stabilized by Γ ℓ . If Γ is a compact subgroup of GL n (Q ℓ ) and ∆ is a closed normal subgroup, we fix a normal open, pro-ℓ subgroup Γ 0 of Γ and define
The two groups above are pro-ℓ since closed subgroups and quotient groups of a pro-ℓ group are still pro-ℓ [DDMS, Proposition 1.11]. We have a short exact sequence of finite groups
and therefore
Our basic result on rk ℓ of finite groups is the following.
(1) If ℓ is sufficiently large compared to rk G, then rk ℓΓ ≤ rk G.
(2) If ℓ is sufficiently large compared to rk G, rk ℓΓ = rk G, and G is simply connected and semisimple of type A, then Γ = G(F ℓ ).
Proof. We recall some ideas of Nori [No] . Let k be a positive integer. If ℓ > k and x ∈ M k (F ℓ ) is nilpotent, the formula
A closed subgroup of GL k over F ℓ is exponentially generated if it is generated by subgroups of the form φ x (A 1 ). Since every quotient group of an exponentially generated group is exponentially generated, every exponentially generated group is connected, every reductive exponentially generated group is semisimple, and more generally, every exponentially generated group is the extension of a semisimple group by a unipotent group.
For any subgroup∆ ⊂ GL k (F ℓ ), we define∆ + to be the subgroup of ∆ generated by elements of order ℓ. Clearly∆ + is a normal subgroup, and by [No, Theorem C] ,∆/∆ + contains an abelian normal subgroup of index bounded by a constant depending only on k. In particular, if ℓ is sufficiently large compared to k, then rk ℓ∆ = rk ℓ∆ + .
If H denotes the algebraic subgroup of GL k generated by φ x (A 1 ) as exp(x) ranges over all elements of order ℓ in∆, for ℓ sufficiently large we have H(
is generated by its unipotent elements [St, Theorem 12.4] , each of the form exp(x) for some nilpotent matrix x. Let G denote the algebraic group generated by the corresponding φ x (A 1 ). Thus, if ℓ sufficiently large, we haveG( [No, 3.6(v) ]. Together with the estimates on the orders ofG(F ℓ ) and G(F ℓ ) [No, 3.5] as G and G are connected, these imply the index [G(F ℓ ) : G(F ℓ )] is equal to 1 and thereforeG(F ℓ ) = G(F ℓ ) if ℓ is sufficiently large. Although it is not necessarily true thatG = G, we do have an isomorphism G ∼ = G of algebraic groups over F ℓ . Indeed,G is exponentially generated and therefore is the extension of a semisimple groupS by a connected unipotent groupŨ . AsG(F ℓ ) ∼ = G(F ℓ ) has no solvable subgroups except subgroups of the center of G and as the order of this center is ≤ k < ℓ, it follows thatŨ is trivial and thatS(F ℓ ) ∼ = G(F ℓ ). For semisimple groups G andS over a finite field of odd characteristic, this implies G ∼ =S ∼ =G. Now we apply this theory to a subgroupΓ of G(F ℓ ) where G is a connected group over F ℓ . As the imageΓ ß ofΓ in G ß (F ℓ ) is the quotient ofΓ by a solvable group, we have rk ℓΓ ß = rk ℓΓ , so replacing G andΓ by G ß andΓ ß respectively, we may assume without loss of generality that G is semisimple. LetΓ sc denote the pullback ofΓ to G sc (F ℓ ). As Γ contains as a subgroup of bounded index the quotient ofΓ sc by a subgroup of bounded order, we have rk ℓΓ sc = rk ℓΓ if ℓ is sufficiently large. Replacing G by G sc andΓ byΓ sc , we may assume without loss of generality that G is simply connected. By the classification of semisimple groups and their representations, there exists a faithful representation G ֒→ GL k defined over F ℓ for some k bounded in terms of rk G. We assume ℓ sufficiently large in terms of k. ReplacingΓ byΓ + , we may assume thatΓ is generated by its elements of order ℓ. Let H denote the F ℓ -subgroup of GL k generated by φ x (A 1 ) as exp x ranges over all order-ℓ elements ofΓ. By [No] , we may assume that H(F ℓ ) + =Γ. Unlike general closed subgroups or even general connected subgroups, the exponentially generated subgroups of GL k can in some sense be parametrized by a scheme of finite type. More precisely, by [La2, Lemma 4] , there exists a scheme X of finite type over Z and a closed subscheme Z ⊂ P k 2 X such that for each ℓ and every exponentially generated subgroup H of GL k,F ℓ , there exists a point x in X (F ℓ ) such that H = Z red x ∩ GL k , where the intersection is taken with respect to the standard immersion GL k → P k 2 over F ℓ , and the superscript red denotes reduced scheme structure. AsG is also exponentially generated, there exists y such thatG = Z red y ∩ GL k . In particular, some fiber of
gives H ∩G after reduction and intersection with GL k . As the number of components in the fiber of a morphism of finite type is constructible [Gr, IV, 9.7 .9], it follows immediately that there is an upper bound C on the number of irreducible components of H ∩G. We claim that if ℓ is sufficiently large, then H is contained inG. Indeed, otherwise, since H is connected, H ∩G has dimension at most dim H − 1. On the other handΓ ⊂ (H ∩G)(F ℓ ). By [No, 3.5, 3.6(v) ],
which is impossible if ℓ is sufficiently large. Thus, H ⊂G, so rk H ≤ rkG. It follows immediately that rk ℓ H(F ℓ ) ≤ rk G.
For (2), we assume rkΓ = rk G (which means rk H = rk G) and further assume that G (and thereforeG) is of type A. As H ⊂G, by Lemma 2, H =G. We conclude thatΓ = H(F ℓ ) =G(F ℓ ) = G(F ℓ ).
Our basic result on rk ℓ for ℓ-adic groups is the following.
Theorem 4. Let G be a connected algebraic group over Q ℓ and Γ ⊂ G(Q ℓ ) a compact subgroup of G(Q ℓ ).
(1) If ℓ is sufficiently large compared to rk G, then rk ℓ Γ ≤ rk G.
(2) If ℓ is sufficiently large compared to rk G, rk ℓ Γ = rk G, and G is simply connected and semisimple of type A, then Γ is a hyperspecial maximal compact subgroup of G(Q ℓ ).
Proof. Replacing G by G ß and Γ by Γ ß , we do not change ranks. Therefore, without loss of generality, we may and do assume that G is semisimple.
For part (1), we may replace G and Γ by G sc and Γ sc without changing ranks, so we may in any case assume that G is simply connected.By [Ti, 3.2] , if E λ is a finite extension of Q ℓ , every maximal compact subgroup of G(E λ ) is the stabilizer G(E λ ) x of a vertex x in the Bruhat-Tits building of G/Q ℓ . There exists a smooth affine group scheme G over the ring of integers O λ of E λ and an isomorphism ι from the generic fiber of
As G is simply connected, the special fiber G F ℓ is connected [Ti, 3.5.2] . The maximal compact subgroup is hyperspecial if and only if G F ℓ is reductive [Ti, 3.8.1] , in which case it has the same root datum as the generic fiber [DG, XXII, 2.8] , i.e., is semisimple, simply connected and, for part (2), of type A. By [La1, 2.4] , if Γ is a compact subgroup of G(Q ℓ ), there exists a finite totally ramified extension E λ /Q ℓ such that Γ is contained in a hyperspecial maximal subgroup of G(E λ ), which we identify with G(O λ ).
The completion of the smooth group scheme G along the identity gives a formal group law whose elements identify with the kernel of π : [Bo, III, §7, Prop. 5] , and rk ℓ π(Γ) = rk ℓ Γ.
To obtain (1), we apply part (1) of Theorem 3 withΓ := π(Γ). For (2), we apply part (2) of Theorem 3 and deduce that π(Γ) = G(F ℓ ).
On the other hand, taking E λ = Q ℓ , we see that there exists a smooth affine group scheme G ′ /Z ℓ and an isomorphism ι
. This is a finite group with normal ℓ-subgroups∆,∆ ′ such that
As Γ ∩ ker π ′ is a normal pro-ℓ subgroup of Γ, its image in π(Γ) is a normal ℓ-group. Since π(Γ) has no non-trivial normal ℓ-subgroups, it follows that π ′ (Γ) can be realized as an extension of π(Γ) by an ℓ-group. In particular, if ℓ is sufficiently large,
since G ′ is flat (and therefore has equidimensional fibers). It follows that π
has no unipotent radical. Thus, G ′ (Z ℓ ) is hyperspecial. Again assuming that ℓ is sufficiently large compared to the rank of G, by the main theorem of [Va] 
We can now prove Theorem 1.
Proof. We observe first that if L is a connected algebraic group and D is a normal subgroup of L then D/D • is solvable. Indeed, if R is the maximal normal solvable subgroup of L, every subquotient of R is again solvable, so it suffices to prove that
is solvable. It therefore suffices to prove that the component group of every normal subgroup of L/R is solvable. However, L/R is adjoint semisimple, so every normal subgroup of L/R is likewise adjoint semisimple and, in particular, connected. Now, let W ℓ := H i (X, Q ℓ ). Let Λ ℓ denote the image of G K in GL(W ℓ ) and L ℓ denote the Zariski-closure of Λ ℓ . By [LP, 6.14] , the order of the component group L ℓ /L
• ℓ does not depend on ℓ. Therefore, replacing K by a finite extension, we may and do assume that L ℓ is connected for all ℓ. For each ℓ, we suppose chosen a G K -stable subspace V ℓ such that the resulting system of Galois representations is compatible in the sense of Serre. Let Γ ℓ denote the image of G K in GL(V ℓ ). Let ∆ ℓ denote the kernel of the surjective homomorphism Λ ℓ → Γ ℓ . Let G ℓ and D ℓ denote the Zariski-closures of Γ ℓ and ∆ ℓ respectively. As L ℓ is connected, the same is true of its quotient G ℓ . As D ℓ /D
• ℓ is solvable, the total ℓ-rank of ∆ ℓ is the same as that of ∆
By [Hu2] , for ℓ is sufficiently large,
The theorem now follows from part (2) of Theorem 4.
Some Applications and Extensions
Corollary 5. If, for some ℓ 0 , the group obtained from G Proof. By [Hu1] , if G ℓ 0 is of type A, with the rank of every factor. belonging to the set {6} ∪ [9, ∞), then G ℓ is of type A for all ℓ.
Corollary 6. Let G/Q be a type A subgroup of GL n . Suppose Γ ℓ ⊂ G(Q ℓ ) for all ℓ, and Γ ℓ 0 is Zariski-dense in G Q ℓ 0 for some ℓ 0 . Then for all ℓ sufficiently large, Γ sc ℓ is a hyperspecial maximal subgroup of
Proof. By [Hu1] , rk G ℓ is independent of ℓ and therefore always equal to rk G ℓ 0 = rk G Q ℓ 0 = rk G.
, so G ℓ is of type A for all ℓ. The corollary now follows from Theorem 1.
A variant of this result is the following:
Corollary 7. Suppose that in Corollary 6 we know in addition that G is connected reductive with simply connected derived group D and
so it suffices to prove that [Γ ℓ , Γ ℓ ] is a maximal compact subgroup of D(Q ℓ ). As D is simply connected, the same is true for D Q ℓ , and it follows that G 
Note that this covers the classical GL 2 case of Serre's original theorem. It also covers the case that G ℓ is unitary, which arises, for instance, from the cohomology of trielliptic curves. Fix positive integers d 1 and d 2 in the same residue class (mod 3), and consider the projective curve
defined over K = Q(ζ 3 )(u 1 , . . . , u d 1 , v 1 , . . . , v d 2 ). If Γ ℓ denotes the image of Gal(K/K) in Aut(H 1 (X, Q ℓ )), then Γ ℓ is contained in the centralizer in GSp n (Q ℓ ) of an element of order 3, the image of the automorphism (x : y : z) → (x : ζ 3 y : z). This centralizer is a unitary group U ℓ , and by a result of Achter and Pries, [AP] , for every ℓ, Γ ℓ contains the derived group of U ℓ . By d 1 + d 2 iterations of the theorem of Cadoret and Tamagawa [CT] , there exist pairwise distinct a i and b j in Q such that specializing X to u i = a i , v j = b j , the resulting curve over Q(ζ 3 ) satisfies the condition that the Zariski closure of monodromy contains the derived group of U ℓ . This curve in fact is obtained by extending scalars from a trielliptic curve X 0 over Q. Thus, Corollary 7 applies to X 0 . Theorem 1, Corollary 5, Corollary 6, and Corollary 7 are also true in the following setting. Let K be a finitely generated field extension of Q and Y a smooth, separated and geometrically connected scheme over K. Let f : X → Y be a smooth, proper morphism with geometrically connected fibers. Fix an integer i and a geometric pointȳ. Theétale fundamental group π 1 (Y,ȳ) acts on the ithétale cohomology of the fiber Xȳ, and we obtain a compatible system of representations ρ ℓ : π 1 (Y,ȳ) → GL(H i (Xȳ, Q ℓ )).
We denote the image by Γ ℓ and the Zariski closure of Γ ℓ by G ℓ . Note that in this setting, we assume the system comes from the full cohomology group of the fiber rather than a subspace.
Theorem 8. Theorem 1, Theorem 2, Corollary 6, and Corollary 7 are true for Γ ℓ and G ℓ in this setting.
